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Section |
10 marks
Attempt Questions 1 — 10

Allow about 15 minutes for this section

Use the Objective Response answer sheet for Questions 1 — 10

1 The gradient of the tangent to the curve x> —xy*+8=0 at the point (1,3) is:

(A) 1
(B) -1

(©)

1
2
1
(D) 3

2 ltis known that x =2-3i is aroot of x*—6x>+26x* —46x+65=0. Another root of the equation is:

(A) x=1-2i
(B) x=-1-2i
(C) x=-2-i
(D) x=-2+i

3 The equation of the normal to the rectangular hyperbola xy =c* at the point P(cp,ij IS:
Y

(A) p’x—py+c—cp*=0
(B) p’x—py+c—cp*=0
(C) x+p*y-2c=0

(D) x+p°y—2cp=0

—-3--



4

The graph of y =sinxfor -2z < x <2z is shown below.
y

Which of the following is the graph of y = 2log, (sin x) for -2z <x <27z ?

(A) (B)
Yy Yy
-2 27
A ——t—>x ——+—— —t—+——>x
27 2r
(C) (D)
Yy Yy
—t—+— —t—+——>x —+—+— —t—+——>x
27 2 2 2r
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If z=2+i and w=1-1i, then zw, in the form x+iy is:
(A) 3-i
(B) 1-3i

(C) 1+3i
(D) 1+i

The reduction formula for | = Itan” x dx is:

&=
B) I = ta:”_‘llx e
D) I. =ta:“_llx S

The roots of the equation 2x* —3x*+4x+9=0 are o, S,  and y.
The value of a+ f+5+y—apoyis:

(A) 6
(B) 3
C) -1

(D) -3

Given that P(x) is a polynomial with complex coefficients, it is known that three of the roots of the
equation P(x)=0are x=1, x=2—i and x=3+i.

The minimum degree of P(x) is:

(A) 3

(B) 4

(€) 5
(D) 6

-5



9 The point P on the Argand Diagram below represents a complex number p, where |p| = g

The number p™ is best represented by the point

(A) A
(B) B
€) C
(D) D

10  The equation of the conic with eccentricity V2 and asympototes y = £x is:

(A) xy=2

(B) x*—y*=4

(C) xy=1
S

(D) T—y =1,

End of Section |
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Section |1

90 marks
Attempt Questions 11 — 16
Allow about 2 hours and 45 minutes for this section

Answer each question in a new writing booklet. Extra writing booklets are available.

In Questions 11 — 16, your responses should include relevant mathematical reasoning and/or calculations.

Question 11 (15 marks) Start a new writing booklet

@ (i) Express 1-iv/3 in modulus-argument form.

(i) Express (l—i\/§)6 in the form a+ib.

(b) (i) Find in modulus-argument form the five roots of z° =—1.

(i)  Prove that when plotted on an Argand diagram these five roots form the vertices of a
regular polygon which has an area of approximately 2.38 square units.

(c) Find:
0 f tan™ x dx

1+ X2

(i) J'cos2 xsin® x dx

2 2

(d) Theellipse E has Cartesian equation XT+y?:1.
(i)  Calculate the eccentricity e of the ellipse.

(i)  Find the coordinates of the foci S and S' and the equations of the directricies.

(iii)  Sketch the ellipse, showing the above features and intercepts.

—-7 -



Question 12 (15 marks) Start a new writing booklet

(@)

(b)

(©)

(d)

T

Using the substitution t = tang , or otherwise, prove that Jsd—gz .
2 0o 2+2c0s6 6

&

The polynomial equation x> —3x+4 =0 has roots ,  and y. Find the polynomial equation
whose roots are:

M L Laal

a p /4

@) a+3, p+3and y+3

The diagram shows the region bounded by y* = 4(x—1) and the line x=5.

X=5
y y? =4(x-1)

NOT TO
SCALE

By using cylindrical shells, or otherwise, find the volume of the solid formed by rotating the
given region about the y -axis.

1
i Ifl, :le“ (1-x)z dx, show that for n>0, I, :Aln_1 where n is an integer.
0 2n+3

1
(ii) Hence, or otherwise, evaluate Iol x° (1-x)2 dx.

-8--



Question 13 (15 marks) Start a new writing booklet

(@)

()

(©)

On the Argand diagram, shade the region specified by both the conditions Re(z)<4 and

|z—4+5i|<3, showing the points of intersection of the boundaries.

Consider the region bounded by the lines x=1, y=1 and y=-1 and by the curve x+y*=0.

The region is rotated through 360° about the line x =4 to form a solid. When the region is

rotated, the line segment at the point S (x, y) on x+y* =0 sweeps out an annulus.

(i)

(i)

(i)

(i)

y Xx=1

y=-1

Show that the area of the annulus at height y is equal to 7z(y4 +8y% + 7) :

Hence find the volume of the solid.

If a, b, c are real and unequal show that a*+b® > 2ab.

Hence deduce that a? +b*+c? >ab+bc+ca .

Question 13 continues on page 10

—-9--
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Question 13 (continued)

(d) The diagram below shows a solid with circular base of radius 1. Parallel cross sections 3
perpendicular to the base and the x -axis are equilateral triangles. Find the volume of the solid.

NOT TO
y SCALE
|
|
1 1 X
/]
0 [LZ" 1
. 2 . 3 .
() The points P, Q and R on the curve y=— have x-coordinates 1, r and 2 respectively.
X
The points C and D are the feet of the perpendiculars drawn from P and R to the x-axis.
The tangent to the curve at Q with equation 8x+9y—-24=0 cuts PC and RD at M and N
respectively.
y
N NOT TO
\ SCALE
N
M
(i)  Find the coordinates of M and N . 1
(i)  Using areas and integration, show that §< In2< % 2

End of Question 13
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Question 14 (15 marks) Start a new writing booklet

(@)

()

(©

16x A B Cx

= = + +— , find the values of A, B and C.
X'=16 Xx—-2 Xx+2 x+4

G) If

6
(i)  Hence, show that f “16)(16 dx = Ioge(%)

4 X' —

Consider the function f (x)= w for x#4.

(i) Showthat f(x)= x+3+£4.
X_

(i) Explain why the graph of y = f (x) approaches y =x+3 as x approaches .
(iii) Find the values of x for which f (x) is positive.

(iv) Show that the graph of y = f (x) has two stationary points.

You do not need to find the y values of the stationary points.

(v) Sketch the curve y=f (x) labelling all asymptotes and x intercepts.

The graphs of y = f(x), y=1and y=-1 are shown below.
y

A/
A

Sketch each of the following on a separate number plane:

0 y=[t(0)
(i) y*="f(x)
(i) y=f(]x|)

—-11 --



Question 15 (15 marks) Start a new writing booklet

(@) () Use the substitution x=a—y to show that jo"" f(x)dx = j: f (a—x)dx.

()

(©)

.. . 1 20
(i) Hence, or otherwise, evaluate IO X(1-x)"dx.

In the diagram below, AB is a common tangent of the two circles which intersectat P and Q.

XPB and APY are straight lines. XA produced and YB produced meetat T .

Copy or trace the diagram into your writing booklet
(i) Provethat AT =TB.

(i) If ATBP isa cyclic quadrilateral, find the size of ZTAB.

2 2 2 ,2.x
. _— X x“e*dx
(i)  Use the substitution u =—x to show that J dx :J .
,e +1 , €9 +1

2 2

dx.

(i)  Hence, or otherwise, evaluate J -
Le +1

Question 15 continues on page 13

-12 --
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Question 15 (continued)

(d) Theline y=x meets a directrix of the ellipse —+ b
a

x2 yz
e

=1 where a >b at the point T in the

first quadrant. Tangents from T meets the ellipse at P(x,,y,) and Q(X,, Y, ). The eccentricity

of the ellipse is e.

y s
NOT TO
P(x.Y:) SCALE
T
O X
Q% Y2)
y=X
(i)  Given that the chord of contact of the tangents from the point (xo, yo) to the ellipse 2
2 2
%JFZ_Z =1 has equation %+% =1, deduce that the equation of PQ is
i+% =1 and verify that PQ is a focal chord of the ellipse.
ae ae(1-¢’)
(i)  Show that x, and x, are roots of the equation 2
(2-¢*)x* —2ae(1-€*)x+a’ (e’ —e* -1)=0 .
(iii)  Show that the midpoint M of the chord PQ lines on the line y = x. 2

End of Question 15
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Question 16 (15 marks) Start a new writing booklet

(@)

(b)

(©)

z is a complex number which satisfies |z —1| =1. Let arg(z) =0, where @ is acute.

(i)  Show graphically that arg(z-1)=26.

(i) Hence, or otherwise, find arg(z* —3z+2) in terms of .

If a>0,b>0and ¢c>0, and a+122,showthat:

a
0 (a+b)(1+%jz4

(i) (a+b)(b+c)(c+a)=8abc

A particle of mass m is projected vertically upwards under gravity. The air resistance to the

motion is ﬁmgv2 where Vv is the speed of the particle.

(i)  Show that during the upward motion of the particle, if x is the upward vertical
displacement of the particle from its projection point at time t, then

., 1
x:—mg(100+v2) .

(it)  If the speed of projection is u, show that the greatest height (above the projection point)

2
reached by the particle is @Iog{100+u j :
g

100

(iii) Show that during the downward motion of the particle, if x is the downward vertical
displacement of the particle from its highest position at time t after it begins the

downward motion, then % :ig (100-v?).
100

10u

J100+u?

(iv) Show that the speed of the particle on return to its point of projection is

(v)  Find the terminal velocity V of the particle for the downward motion.

(vi) If the initial speed of projection of the particle is V , show that the speed on return to the
. P |
oint of projectionis —=V .
p proj NG

End of Examination

—-14 --



Mathematics Extension 2 Trial 2016
Multiple Choice

Question 1
x*—xy’+8=0
Implicitly differentiating:
3x% —y? —2xyﬂ =0
dx

2xyﬂ =3x%—y?
dx

dy 3x°-y°

dx 2xy

At (1,3)

dy 3-9

dx  2x1x3
6
6
=-1

(B)

Question 2:

ZTGV{:‘S%{_Q}E‘ a.'l'\nf‘t,_,:_.:_r’:g
oLt a+ra =

ot =y
(/cﬂ "3.(::),;(9?45{)4-(4 f'-c'éi;} f'@d’i"’;’):é’
.{,r-,t-—.zd?. =
Ada = 3

R =] H;@

Question 3:
Xy =c?

Gradient of normal is p°



Y 2
y-——=p(X-Cp
(s ep)

py—c=p’x—cp*
p’x—py+c—cp* =0
(B)

Question 4:

(A)

Question 5

ZW=(2+i)(1+i)
=2+42i+i-i°

=1+3i
©)

Question 6
I, = J-tann xdx

= I tan? x tan"~? xdx
= I sec? x tan"% xdx —Itan”‘2 xdx

tan"™ x
= n—1 - In—2

(D)

Question 7

a+ﬂ+y+5=§

9
S==
afy >

3.3_3
2 2

(D)
Question 8:

Three known roots, therefore degree 3 as polynomial may have unreal coefficients, so not essential they
occur in conjugate pairs.

(A)
Question 9:

Ipl=2

2
p| 3
arg(p) >0

arg(p™) <0
Therefore (C)

1‘3



Question 10:

Due to asymptotes, know it is not hyperbola in form xy = ¢*
2

62 :1+?
2
2:l+b—2
a
b=a



Question 11
(a)

Let z=1—i/3
(i)

|Z|:m arg(z) =—tan™ 3

_Ja :
=2 _

(ii)

=2°(cos2x +isin 2r)

=26
=64
(b)
()
25 :—1
=cosxz+isinz

(2k7[+7zj . (2k7z+;;j
Z = CO0S +1SIN

> 5
Let k=0:

T T
Z, =C0S—+isin—=
5 5

Let k =1:
37 .. 37w
Z, =COS—+isin—
5 5
52 .. 57
Z, =C0S—+isin—
5 5
=coSx+isinrx

Iz .. I«
Z; =C0S—+isin—
5 5

( 37Z'j L. ( 37[]
=C0S| —— |+isin| ——
5 5

Or .. 9r
z, =C0S—+isin—
5 5

ool 5 en(5)



(ii)
1 .
Area=5x§xaxbxsm9
:5><1><1><Sin2?7[

=2.3776...
=2.38 units® (2dp)

(©)
(i)
-1
Jtan 2de =f 1 ~tan™" xdx
1+x 1+x
(tan"* x)’
S S e
2
(i)

J'cos2 xsin® xdx = Icos2 x(l—cos2 x)sin xdx

Icos2 xsin x —cos” xsin xdx

—cos®x  cos®x

= + +C
3 5
(d)
2 2

X_+y_=1
4 9
(i)
a=2,b=3
4=9(1-¢*)
e
9
e =2

9
ezﬁ (e>0)

3
(i)
S =(0,be)



Directricies:

:isx%
9
J5
(iii)
y
4--
//2 ;\\
N




Question 12
(a)

Let | =f3d—9
0 2+2c0s@

Lett=tan€
2

0 =2tan't
do 2
dt 1+t

~2dt
T 1412

When0=0,t=0andwhen9:%,t:
|- (Zdt 1t2
1+t2
0
1
B ﬁ(Zdtj 242t +242t2
, 1+t 1+t?

-

= — X —

2 3
1 43
273
3
6
(b)
x*—3x+4=0
(i)

A2y

i—§+4:0

X} X

1-3x*+4x*=0
x*—3x+1=0
(i)
(x-3)" =3(x—3)+4=0
X —3x*x3+3xx3 -27-3x+9+4=0
X —9x* +27x—27-3x+13=0
X —9x* +24x-14=0



e @
H“-—.\______
h=2y
r=x
AV =27xrh
= 27X X 2YAX
= 47X x 2+ X —1AX
= 87X~/ X —1AX
5
Vv zZSﬂx\/x—le
x=1
5
V = lim ZS%’X\/X—].AX
AXx—0 ol
=8n£fx¢1—xdx
4
=8nL(u+1)Jadu
frsoa
=8nJ‘(u2+u2Jdu
0
5 37
=8ﬂ{2U2+2U2}
5
2 5 3
:87r(—><42 + ><42j
=87z'><E
15
_2L6 units®
15
(d)
()
. 1
Let I, :on (1-x)z dx
1
Uz x" v'=(1-x)?
U= an—l —2 3

V= ?(1— X)2

AT

—

fap 8






Question 13
(a)

Re(z)<4
X<4
|2—-(4-5i)<3

Circle with centre (4,-5) and radius is 3.

TS

y

(b)

(i)

A=z (R*-r?)
7| (4-x) -7 |
n[(4+y2)—9}

7(16+8y” +y*-9)

=r(y*+8y*+7)

N



(i)
V ~ Zl:n(y4+8y2+7)Ay
y=1
1

V=lim > z(y'+8y*+7)Ay

Ay—>0y:_1
= zrfl(y“ +8y* +7)dy
= 2nj§(y4 +8y% + 7)dy

5 3 1

=2r y—+8L+7y
5 3
:27{1+§+7}
5 3

2967
15

0

(©)

(i)

(a—b)2 >0 since a—b =0
a’-2ab+b’>0

a’+b?>2ab

(ii)
a’+b?>2ab
b%+c¢? > 2bc
c?+a?>2ac

s at+b*+b*+c®+c?+a’>2ab+2bc+2ac
2a’ +2b* +2¢* > 2(ab+bc +ac)

2(a2 +b? +c2)>2(ab+bc+ac)

a’+b*+c?>ab+bc+ac

(i)
1. .
AV ==absinC
2
1 .
=§X 2y x 2y xsin60°Ax
=2y? xﬁAX
2
=/3y?AX

:ﬁ(l—xz)Ax



V zzl:\/é(l—XZ)AX
V = lim zl:\@(l—xz)Ax

:J:\/g(l—xz)dx
= ZJ:\@(l—xz)dx

=2*/§[X_X§T

0

=243 (1—%}
43

=—— cubic units
3

(e)

()
8x+9y—-24=0
Let x=1
8+9y-24=0

9y =16
_16
9

)

Let x=2
16+9y—-24=0

9y =8

9

(ii)
22
AIVINCD < J.l ;dx < APRDC

%(%%} 2[inx] <2 (2+1)

i<2|n2—2|n1<§
3 2

g<In2<g

3 4



Question 14
(a)

(i)
16x A B Cx
4 = + t2
X"-16 Xx—-2 Xx+2 x°+4
16x = A(x+2)(x* +4)+B(x—2)(X* +4)+Cx(x* - 4)
Letx=2
32=Ax4x8
A=1
Let x=-1
~16=B(—4)(8)
B=1
Let x=1
16 = (3)(5)+(~1)(5)+C(-3)
16=15-5-3C
6=-3C
C=-2

(i)
6
I L6x lx:J( L, 1 jdx
4 x"-16 JAX=2 X+2 X" +4
=[In|x=2]+In|x+2|-In|x*+4]]
=|In—
X +4 .

In32 | 12
=% |zt




ci3s 10 =(x+3)(x—4)+10
X—4 X—4
X2 +3x-4x-12+10
- X—4
X —x-2
© x-4
(x—2)(x+1)
ox-4

(ii)

As X >, £—>o
X—4

Sy —>X+3

(iii) Let f(x)>0
(x—2)(x+1)
x—4
(x—4)(x-2)(x+1)>0

h

>0

IO-__-

i
f(x)>0 for x>4,-1<x<2
(iv)

f(x)=x+3+10(x-4)"
10

Let f'(x)=0
10
(x-4)
0=(x-4) -10
(x-4)" =10

x:4i\/ﬁ

Therefore there are two stationary points.

0=1-




v)

20+

-
-'.
-
-

-
-
-"

-
—’-
-
| — i .
-
-

; 10
()
()
Y
R 2 N/
(i
Y

(iii)






Question 15

(a)

(i)

X=a-y

dx =—dy
Whenx=0,y=a

When x=1,y=0

(b)

(i)

Let /ZTAB=«

/MAX =a (vertically opposite angles)

ZAPX =« (angle in the alternate segment)

ZBPT =« (vertically opposite angles)

Z/NBH =« (angle in the alternate segment theorem)
ZTBA =« (vertically opposite angles)

. ZTAB = ZTBA
. AT =BT (equal sides opposite equal angles in an isosceles triangle)
(ii)

Z/BPA+a =180° (angles on the straight line)

/BPA=180°-«

ZATB +2a =180° (angle sum of a triangle)

/ATB =180°-«

/BPA+ ZATB =180° (opposite angles of a cyclic quadrilateral are equal).



180° — ¢ +180° — 2x =180°
360°—3a =180°

3o =180°

a =60°

- ZTAB =60°

(©

(i)
U=-X
du = —dx

When x=-2,u=2
When x=2,u=-2

2 . 2
J'Z X dx:—_[ 2—d_u u
2 +1 2 e'+1

_J-z u’e"
21+¢"
J‘Z xe
21+e*

(i)
Let |=j2 X
2 41
2 2 X
2I:j2 X dx+J‘2 X € dx
2e*+1 2e°+1
IZ x% + x%e*
e*+1

2

dx

(d)
(i)

a a - : . . a
T(—,—j as it lies on the line y = x and the directrix x=—
e e e



.. PQ has equation:

LIS
a- e b° e
l+ﬂx;2:1 sinceb® =a’(1-¢?)
ae e a’(l-e)
LWL%:l
ae  ae(l-e)
Sub S (ae,0)
LHS =28 40

ae

=1

= RHS

Therefore PQ is a focal chord.

(i)

X2 y2 B
ey W

X,y
ae+ae(1—e2) 1.2

From (2)

_ Yy X

ae(l—ez) ae
y ae—x

ae(l-e’) ae

y =(ae-x)(1-¢?)

L y?=(ae—x)’ (1—e2)2
Substitute into (1)

NG (ae—x)z(l—ez)2
a’ a’(1-e?)
x2+(ae—x)2(1—e2):a2

G +(a2e2 —Daex+ xz)(l—ez) =a

2

x> +a’e’ —2aex+x* —a’e* + 2ae’x—e’x* —a* =0

2x* —e’x* —2aex +2ae’x +a’e’ —a’e* -a’ =0

(2-¢%)x* —2ae(x—e’x)+a’ (e’ —e* 1) =0

(2-€%)x* —2aex(1-¢*)+a’ (e’ —e* ~1)=0

x, and X, are the roots of this equation as P(x,,y,) and Q(X,,y,) are the points of intersection of (1) and

()



=%
2ae(1-¢?)
X+ X = —— L
From (i), 2-e
X1+X2_ae(1—e2)
2 2-¢é
M lieson PQ:Subin M (X, Yy )
2
ofie) 1y

2-¢°  ae ae(l—ez)

Y
1e+ Yu_ 4

2—¢? ae(l—ez)
Yu _1_1—e2
ae(l—ez)_ 2-g’
Yy  2-e’—1+e?
ae(l—ez)_ 2 g?
Yu 1
ae(l—ez) 2—¢?
ae(1—e?
Ym = 2<_e )
= Xy,

..M lieson the line y=x.



Question 16

(a)
y
3T
21
1 + Z
: . —=> X
-1 0+ 3
14
arg(z)=60

z—-1 is the vector from 1toz

Letarg(z-1)=/

20 = f (angle at the centre is twice the angle at the circumference, subtended by the same arc)
arg(z—-1)=20

(i)
arg(z* -3z+2)=arg[(z-2)(z-1)]
=arg(z-2)+arg(z-1)

Z—2 is the vector from 2 toz
y

37

The angle between the vector z and z-2 is % (angle in semicircle)
arg(z-2) :%+0 (exterior angle of a triangle)
T
arg(z°-3z+2)==+0+20
g )=3

=£+30
2

(b)
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